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Problem Set 2

Gauss’ Law

Problem 1. The cube in the figure has edge length 1.40m and is oriented as shown in a
region of uniform electric field. Find the electric flux through the right face if the electric
field, in newtons per coulomb, is given by (a) 6.00i, (b) —2.00j5, and (c¢) —3.00i + 4.00k.

(d) What is the total fluz through the cube for each field?

\

Solution. We use ® = E - A, where A = Aj = (1.40m)?].

—

(a) ® = (6.00N/C)i - (1.40m)2] = 0.
(b) ® = (—2.00N/C)7 - (1.40m)2] = —3.92N - m?/C.

(c) ® = [(=3.00N/C)i + (4.00N/C)k] - (1.40m)2] = 0.

(d) The total flux of a uniform field through a closed surface is always zero. [J



Problem 2. In the figure below, a proton is a distance d/2 directly above the centre of a
square of side d. What is the magnitude of the electric flux through the square? (Hint: Think
of the square as one face of a cube with edge d.)

Solution. 'To exploit the symmetry of the situation, we imagine a closed Gaussian surface
in the shape of a cube, of edge length d, with a proton of charge ¢ = +1.6 x 10~°C situated
at the inside center of the cube. The cube has six faces, and we expect an equal amount of
flux through each face. The total amount of flux is ®,.; = ¢/£¢, and we conclude that the
flux through the square is one-sixth of that. Thus,

q 1.6 x 107°C

(b = — =
6eo  6(8.85 x 10~12C2/N - m?)

=3.01 x 107°N - m?/C



Problem 3. The electric field in a certain region of Earth’s atmosphere is directed vertically
down. At an altitude of 300m the field has magnitude 60.0N/C; at an altitude of 200m, the
magnitude is 100N/C. Find the net amount of charge contained in a cube 100m on edge,
with horizontal faces at altitudes of 200 and 300m.

Solution. A cube has six surfaces. The total flux through the cube is the sum of fluxes
through each individual surface. We use Gauss’ law to find the net charge inside the cube.

Let A be the area of one face of the cube, E, be the magnitude of the electric field at
the upper face, and E; be the magnitude of the field at the lower face. Since the field is
downward, the flux through the upper face is negative and the flux through the lower face
is positive. The flux through the other faces is zero (because their area vectors are parallel
to the field), so the total flux through the cube surface is

® = A(E, — E,)

The net charge inside the cube is given by Gauss’ law: ¢ = ¢®. Substituting the values
given, we find the net charge to be

q=¢co® =c0A(E, — E,) = (8.85 x 1072C*/N - m?)(100m)?*(100N/C — 60.0N/C)
=3.54 x 107°C = 3.54uC

Since ® > 0, we conclude that the cube encloses a net positive charge. [J



Problem 4. Space vehicles travelling through Earth’s radiation belts can intercept a signif-
tcant number of electrons. The resulting charge buildup can damage electronic components
and disrupt operations. Suppose a spherical metal satellite 1.3m in diameter accumulates
2.4uC of charge in one orbital revolution. (a) Find the resulting surface charge density. (b)
Calculate the magnitude of the electric field just outside the surface of the satellite, due to
the surface charge.

Solution. (a) The area of a sphere may be written 4w R? = 7 D?. Thus,

¢  24x10°5C

= = = 4.5 x 107°C/m?
7= wD2 7(1.3m)? 0 /m
A
(b) For the conducting surface, the Gauss’ Law becomes FA = SR g, which gives
o €0
4. 1077 2
E=2 Sx107C/m” o 1oiN/C

0 8.85 x 10-12C2/N - m?



Problem 5. This figure shows a section of a long, thin-walled metal tube of radius R =
3.00cm, with a charge per unit length of A = 2.00 x 1078C/m. What is the magnitude E of
the electric field at radial distance (a) r = R/2.00 and (b) r = 2.00R? (c¢) Graph E versus
r for the range r =0 to 2.00R.

Solution. ~ We imagine a cylindrical Gaussian surface A of radius r and unit length

concentric with the metal tube. Then by symmetry 55 E-dA =2mrE = L.
A €o

(a) For r < R, geney =0, 80 £ = 0.

(b) For 7 > R, Genet = A, s0 E(r) = A\/27rge. With A = 2.00 x 1078C/m and r = 2.00R =
0.06m, we obtain
2.0 x 1075C/m

E = =5.99 x 10°N/C
27(0.06m)(8.85 x 10-12C2/N - m?) /

(c) The plot of E versus r is shown to the below. Here, the maximum value is

A 2.0 x 1078C/m
Eraz = = =1.2 x 10’'N/C
2rreg 27(0.03m)(8.85 x 10-12C2/N - m?) /

E

10000 4




Problem 6. A long, straight wire has fized negative charge with a linear charge density
of magnitude 3.6nC/m. The wire is to be enclosed by a coazial, thin-walled nonconducting
cylindrical shell of radius 1.5cm. The shell is to have positive charge on its outside surface
with a surface charge density o that makes the net external electric field zero. Calculate o.

A
Solution. We denote the radius of the thin cylinder as R = 0.015m. Using £ = 5

TEQT

(line of charge), the net electric field for » > R is given by
—-A N
E’ne = Ewire Ec inder —
¢ + Beyting 2meor + 2meor

where —\ = —3.6nC/m is the linear charge density of the wire and A’ is the linear charge

density of the thin cylinder. We note that the surface and linear charge densities of the thin
cylinder are related by

Qeytinder = NL = 0(2rRL) = XN = 0(27R)

Now, E,.; outside the cylinder will equal zero, provided that 2rRo = A, or

A 3.6x10°°C/m |
S — 3.8 x 10°5C/m?
° = %R T @ooism) ot e/m




Problem 7. In the figure below, two large, thin metal plates are parallel and close to each
other. On their inner faces, the plates have excess surface charge densities of opposite signs
and magnitude 7.00 x 10722C/m?2. In unit-vector notation, what is the electric field at points
(a) to the left of the plates, (b) to the right of them, and (c) between them?

!
FFF F[F F F F A+

Solution. We use the formula E = —— for the sheet of charge.
€o

(a) To the left of the plates:

—

E=(2 (—i) (from the right plate) + Z 7 (from the left one) = 0
260 280

(b) To the right of the plates:

—

E=(Z i (from the right plate) + 7 (—1) (from the left one) =0
260 250

(c) Between the plates:

- o - o - o - 7.00 x 10722C/m? -
(250)( i+ (260)( 0 (50)( i (8.85>< 10—12(72/1\1-]f112)Z
— (=7.91 x 1071N/C)i




Problem 8. The Figure below shows cross sections through two large, parallel, non-conducting
sheets with identical distributions of positive charge with surface charge density s = 1.77 X

10722C/m2. In unit-vector notation, what is E at points (a) above the sheets, (b) between

them, and (c) below them?

+F F FF F F F F F +

X

+ 4+ + o+ o+ o+ o+ +

Solution.  The electric field due to either sheet of charge with surface charge density
o = 1.77 x 1072C/m? is perpendicular to the plane of the sheet (pointing away from the
sheet if the charge is positive) and has magnitude £ = o0/2¢y. Using the superposition
principle, we conclude:

(a) E = 0/go = (1.77 x 1072C/m?)/(8.85 x 10712C%/N - m?) = 2.00 x 107N /C, pointing
in the upward direction, or E = (2.00 x 10 ''N/C)7;

(b) E = 0;

(c) and, E = /ey, pointing down, or E = —(2.00 x 10-"'N/C)j. O



Problem 9. The figure below gives the magnitude of the electric field inside and outside a
sphere with a positive charge distributed uniformly throughout its volume. The scale of the
vertical axis is set by E; = 5.0 x 10'N/C. What is the charge on the sphere?

~E,
<
Z.
E
= | |
0 2 4
r (cm)

Solution. ~ We determine the (total) charge on the ball by examining the maximum
value (E = 5.0 x 10’N/C) shown in the graph (which occurs at r = 0.020m). Thus, from
E = q/4meor?, we obtain

0.020m)2(5.0 x 107N/C) B
=4 2E:( =22x107%C
4= e 8.99 x 109N - m2/C?




Problem 10. The solid sphere of radius a = 2.00cm s concentric with a spherical conducting
shell of inner radius b = 2.00a and outer radius ¢ = 2.40a. The sphere has a net uniform
charge ¢ = +5.00fC; the shell has a net charge go = —q1. What is the magnitude of the
electric field at radial distances (a) r =0, (b) r = a/2.00, (¢) r = a, (d) r = 1.50a, (e)
r = 2.30a, and (f) r = 3.50a? What is the net charge on the (g) inner and (h) outer
surface of the shell?

Y

Solution. At all points where there is an electric field, it is radially outward. For each
part of the problem, use a Gaussian surface in the form of a sphere that is concentric with
the sphere of charge and passes through the point where the electric field is to be found. The

field is uniform on the surface, so E - dA = 47r°FE , where r is the radius of the Gaussian

A
surface. For r < a, the charge enclosed by the Gaussian surface is ¢ (r/a)?. Gauss’ law yields

3
Anr?E = & (Z> = F= nr
g0/ \a 4dega’

(a) For r = 0, the above equation implies £ = 0.

(b) For r = a/2, we have

~qi(a/2)  (8.99 x 10°N - m?/C?)(5.00 x 10715C)

FE = =
Amegad 2(2.00 x 1072m)?

=5.62 x 107*N/C

(c) For r = a, we have

¢ (8.99 x 10°N - m?/C?)(5.00 x 1071°C)

Amega? (2.00 x 10~2m)? /
(d) For r = 1.50a, we have
8.99 x 10°N -m?/C?)(5.00 x 1071°C
@ _ (899 x m/ ) )  0.0499N/C

E—
dmegr? (1.50 x 2.00 x 10~2m)?

(e) In the region b < r < ¢, since the shell is conducting, the electric field is zero. Thus, for

10



r = 2.30a, we have £/ = 0.

(f) For r > ¢, the charge enclosed by the Gaussian surface is zero. Gauss’ law yields
47r?FE =0 = E = 0. Thus, £ = 0 at r = 3.50a.

(g) Consider a Gaussian surface that lies completely within the conducting shell. Since the
electric field is everywhere zero on the surface, 55 E-dA=0 and, according to Gauss’ law,

the net charge enclosed by the surface is zero. If @); is the charge on the inner surface of the

shell, then ¢; + Q; = 0 and Q; = —¢; = —5.00fC.

(h) Let @, be the charge on the outer surface of the shell. Since the net charge on the shell
is —q, Q; + Q, = —q;. This means

Qo= —Qi=—-q—(—q)=0
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